Abstract: In this paper presents adaptive hybrid control algorithm for the underactuated system, called Schmid pendulum. Static pendulum support was replaced by the wheeled platform to demonstrate advantages of proposed approach. The control task is output stabilization of the pendulum upright equilibrium in an uncertain plant parameters, limited control and unknown friction presence. In contrast to known approaches, real-time controller adjustment without any preliminary identification procedures has been provided. Obtained algorithm has been successfully verified via experimental implementation on the real mechatronic setup.
INTRODUCTION
Intensive scientific and technical development puts challenges for the modern control theory continuously, while approaches focused on practical implementation have increasing popularity.
Schmid pendulum firstly described in Schmid (1999) and also known as inertia wheel pendulum was chosen as a plant in our research. It's an example of underactuated system with underactuation degree one 1 . Such systems have many analogous among the real robotic systems, including advanced manipulators and walking robots, airspace and marine vehicles as well. Therefore control algorithms for underactuted systems can find broad application in solving actual practical tasks. Moreover, underactuated systems represent itself a special class of highly nonlinear systems, thereby it is the very attractive field for modern approaches design.
A lot of works devoted to concerned problem for the last years which proves that it's still one of the hot topics for control community. Even for Schmid pendulum control a number of different methods have been proposed until recently.
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The most common problem considered in number of publications is stabilization of the pendulum inverted position. Actually, it's a classical but nontrivial problem. This problem can be solved, as suggested in Spong et al. (2001) , using switching between two regulators. In this case the first one can be designed exploiting passivity an the second one using partial feedback linearization like in Spong (1994) . Alternatively this problem solved in Olfati-Saber (2001) with a single continuous state feedback law, which makes the upward equilibrium of the closed-loop system almost globally asymptotically stable. In Andrievskiy (2004) such problem was solved using speed-gradient method and energy based approach, considering case of parametric uncertainty of the plant. However, proposed approach requires preliminary parameters identification. Also, it's possible to design an output feedback controller, based only on measurements of the positions, to ensure that the pendulum converges to the upward position for almost all initial conditions how it described in Ortega et al. (2002) . The controller of Ortega et al. (2002) has been modified in Santibanez et al. (2005) allowing to keep the magnitude of the control torque restricted within certain prescribed limits. The problem of global stabilization of the downward equilibrium via a feedback relying only on measurements of the position and the velocity of the disk is solved in Kolesnichenko et al. (2002) . Using Immersion and Invariance methodology for stabilization of desired equilibrium of the Schmid pendulum particularly and a class of the systems with underactuation degree greater then one on the whole have been considered in Sarras et al. (2010) . Task of shaping of the stable oscillations around equilibrium points with pre-specified amplitude and period for Schmid pendulum using virtual holonomic constraint approach is solved in Freidovich et al. (2009) .
In spite of wide range of approaches, we can conclude that attention still not enough focused on adaptive control methods, although it have evident advantages especially in case of implementation purposes. Thus, the main contribution of this work is development of the algorithm providing real-time controller adjustment without any preliminary procedures.Current result follows the ideas presented firstly at the International Student Olympiad on Automatic Control sponsored by General Motors company (http://boac.ifmo.ru) (see Kolyubin and Pyrkin (2008) and Kolyubin and Pyrkin (2010) ) and in Bobtsov et al. (2009) . But in contrast to previous workes, identification scheme was improved to guarantee convergence of unknown parameters estimations in closed-loop system. Moreover, the problem was solved when friction forces in the system were taken into account. In Aguilar-Ibanez et al. (2008) strongly damped Schmid pendulum is considering as the plant and it is shown how friction influences on system dynamics such way that well-known control approaches are becoming directly inapplicable. We simplified the task by inclusion in the model description friction in the actuator only, but in our case friction coefficient was suggested to be unknown.
Besides mathematical modeling, we tested proposed algorithms on the real mechatronic plant using setup described in Astrom et al. (2007) . Thereby, workability of developed control system was successfully validated via experiments.
PROBLEM STATEMENT
Mechanical part of the plant represents single-link pendulum fixed at the pivot pin with the inertia wheel situated at the opposite end of pendulum. Rotation of pendulum is controlled by changing a direction and rate of turn of the inertia wheel. In our case pendulum system established on the movable wheeled platform (see Fig. 1 ). We modified original Schmid pendulum by adding parasitic base dynamics to demonstrate advantages of proposed approach. To synthesize control algorithms that can be implemented in the real systems we should consider some additional features. For example, we can't neglect the influence of friction as well as boundedness of drivers' torque, or incomplete measurability of the plant state variables, or parametric drift.
If we are taking into account friction forces in the actuator, dynamics of Schmid pendulum without platform movements can be described using Lagrangian method by the system of two differential equations (1).
where θ(t) and φ(t) are absolute angles of the pendulum link and inertia wheel correspondingly counted anticlockwise, p 1 , p 2 , and p 3 are system parameters, depending on physical characteristics of the pendulum, proposed to be unknown, |u(t)| ≤ u max is control signal, and F (t) is the friction force. Only θ(t), φ(t), and u(t) are supposed to be measurable.
Assume that Coulomb friction has the most effect at the inertia wheel axis . Thus, we can write following expression for F (t) in (1):
where k f is the friction coefficient.
Parameters of friction forces strictly depend on material, geometry and topology of the rubbing surfaces as well as on presence of lubricant and some other parameters which are directly unmeasured. According to these reasons, in the real world it is hard to define the friction coefficient k f in (2) a priori, therefore it should be accepted unknown.
As our control goal is pendulum inverted position stabilization, it can be formally described by limiting equality (3). lim
where θ * = π is desired pendulum link position.
Finally, we need to stabilize the pendulum in the unstable equilibrium under conditions of full parametric uncertainty, in the presence of friction, control signal constraints, and partially measurable state.
MAIN RESULT

Parameters Identification
Firstly, to design identification algorithm it is necessary to make parameterization of the given model. Rewrite equation (1) in the following form:
where parameters
, and a 5 = k f a 4 . Since first and second derivatives of θ and φ are unmeasured, introduce the second order filter H(p) = k (p+λ) 2 , where p = d dt is the differential operator, k > 0 and λ > 0 are filter parameters. Now we can enter auxiliary variables as the outputs of the filters ξ 1 = H(p)θ(t), ξ 2 = H(p)φ(t), ξ 3 = H(p) sin θ(t), ξ 4 = H(p)u(t), and ξ 5 = H(p)signφ(t).
As we deal with real mechatronic system, equipped by digital encoders and processor, it's important to take into consideration sampling effects. Therefore, system variables can be represented as a consequences of discrete measurements. Thus, after corresponding transformations system (4) can be rewritten in the regression form:
where
are the vectors of unknown parameters on the k-th step,
T is the regressor on the k-th step.
In this case, to realize real-time identification of unknown system parameters is natural to use recursive techniques. We decided to use recursive least-square method as one of the most engineering attractive classical approaches. Additionally, for compensation of noise measurements and to account for possible parameters variation forgetting factor has been entered. Then realizable identification scheme for system (5) can be described as follows:
where i = 1, 2 is the value of vector indexes in (5),Ω i (k)is a vector of parameters estimates on the k-th iteration,
is discrepancy on the k-th iteration, I[3×3] is identity matrix, 0 < δ < 1 is forgetting factor.
So, from (6) we can easily obtain estimations of system parametersâ i (k), for i = 1, 5. Proposition 1. It is well-known that estimations of unknown parameters converge to the real values if the persistent excitation condition holds.
Velocities Estimation
While the derivatives of the angles of the pendulum link and inertia wheel are directly unmeasurable due to features of the mechatronic system, but as we will use these rotation velocities further for controllers designing, it is essential to obtain quite accurate estimations of these variables. Using simple averaging for these purposes is unsuitable, because such approximation provide very rough estimation in case of fast transients . Therefore, we implemented adaptive observer presented in Xian et al. (2004) . In our case, pendulum link and inertia wheel velocities estimators are describing by the following systems:
and φ (t) = p φ (t) + σ φφ (t),
whereθ = θ −θ andφ = φ −φ are corresponding discrepancies,θ andφ are corresponding velocities estimations, σ θ,φ , ε θ,φ , and ρ θ,φ are positive observers' parameters.
Friction Compensation
Let's decompose the control signal on two components:
where u f (t) is the friction compensation term.
According to (2), we can write expression:
wherek f can be derived from (6) after trivial algebraic transformation (see formulas for system parameters in (4)).
Motion Control
We should notice that stabilization of the pendulum in inverted position once from any initial state by constraint control is a extremely difficult problem. Therefore, general task has been divided to two particular subtasks: swingingup and upright equilibrium stabilization. Proposition 2. Further motion control algorithms are synthesized in suggestion that friction force is compensated (i.e. excluded from consideration) by the control term (10).
Swing-up Controller
To synthesize the swingup algorithm, the speed gradient method with an energetic objective function was used (see Miroshnik et al. (2000) ). Also in Astrom et al. (2007) is shown that partial energy characterizing pendulum motion without wheel dynamics is more appropriate in the swing-up task instead of the system Hamiltonian. In this case, the objective function looks like:
is the current partial energy of the system, E * (t) = E 0 (1 + T 0 µdτ ) is desired energy level, where E 0 = 2p 3 corresponds to pendulum energy in inverted position if neglect wheeled platform dynamics and T 0 µdτ is adjustable additional term to enlarge desired energy level for compensation of the platform movements, µ > 0 is a small constant and T = arg{|θ(t)| = π} is adjustment time. Proposition 3. It is necessary to note, that the swing-up task can be solved only if the platform of the system possesses higher inertia in comparison with a pendulum. Otherwise due to constrained control the pendulum can't be brought in the desirable position in general.
Relay control law obtained using the speed gradient approach is defined by an expression:
where κ > 0 is chosen coefficient and ω = ∂Q(t) ∂t . Substituting (11) into (12) and taking into account that sign(k · f (t)) = signf (t) for any k > 0, we can obtain following analytical description of the realizable swing-up controller:
whereâ 1 is an estimate of a 1 andθ is pendulum link turn rate estimate from (7). Proposition 4. Choosing relay algorithm caused by desire to ensure the convergence of the parameters estimates in closed-loop system, providing a meander line control signal, which is "frequency rich".
Balance Controller
In the small neighborhood of inverted equilibrium θ * = π it's approximately true that sin θ ≈ (π − θ) mod2 π. Substitute this expression into (4) we can obtain locally linearized model of origin system in state-space form:
To increase speed of response of the stabilizing controller and provide limitation of wheel rate of turn (see Astrom et al. (2007) ) we used PD-controller in the following form:
Characteristic polynomial of the closed-loop system (14) and (15) , where parameters A 1 , A 2 , and w 0 should be chosen in a certain way depending on the required quality of the transients.
Pole-placement approach has been offered to define coefficients of the controller (15). Then, equating by appropriate coefficients in the polynomials, we can obtain equation for realizable balance controller:
whereâ 1 ,â 2 , andâ 4 are estimations of corresponding parameters from (6),θ(t) andφ(t) are velocity estimations from (7) and (8).
Switching
Scheme of controllers switching are grounded in Astrom et al. (2007) . The basic idea is that at first time swing-up controller works to put a pendulum link in small enough vicinity of upward equilibrium and after switching to balance controller happened. Thus, obtained general hybrid control algorithm can be described as follows:ū
where u s (t)-swing-up control (13), u c (t)-balance control (16), and θ s -switching angle.
EXPERIMENTAL RESULTS
For experimental validation of proposed control algorithm (17) we implemented it on the real plant. For this purpose Mechatronic Control Kit described in Astrom et al. (2007) has been exploited. Experimental setup has been supplemented with movable wheeled platform built from LEGO (see Fig. 2 ).
The same setup also was successfully used by the aouthors for another control experimentes connected with unknown disturbance rejection (see Pyrkin et al. (2010a) , Pyrkin et al. (2010b) , and Bobtsov et al. (2010) ).This approach is also used in Pyrkin et al. (2010c) and Pyrkin (2010) . Experimental results obtained from mechatronic setup are shown on Fig. 3-Fig. 8 . These charts illustrate workability and effectiveness of developed adaptive control algorithm. We have considered the problem of Schmid pendulum on the movable platform inverted position stabilization, when parameters of the plant are assumed to be unknown. As a result adaptive hybrid control algorithm with closed-loop parameters identification has been developed. In contrast to known approaches real-time controllers adjustment has been provided. Moreover, task has been solved via con-straint control and with directly immeasurable pendulum link and inertia wheel velocities.
Theoretical results have been successfully validated via experiments on the mechatronic pendulum setup. Experimental realization illustrate effectiveness of obtained algorithm even in case of external disturbances, parametric "drift", sampled measurements, boundedness of actuator torque, and unknown platform dynamic presence.
